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agreement with an earlier calculation based on the Kubo formula and absorption by 
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1. Introduction 

Recently, the correspondence between conformal field theories (CFT) and string theo- 
ries or supergravity on certain background has been under intense investigation ||l], 
^ 1^ . The original and best studied example is the correspondence between the J\f = 4 
supersymmetric Yang-Mills (SYM) theory in the large limit and the type IIB string 
theory in AdSs x space. In the strong coupling limit of the field theory, the string 
theory is reduced to classical supergravity, which allows one to calculate all field-theory 
correlation functions. 

One of the first nontrivial predictions of the gauge theory /gravity correspondence 
was that for the entropy of the A/" = 4 SYM theory at finite temperature |^ . According 
to gravity calculations, the entropy of this theory in the limit of large 't Hooft coupling 
is precisely 3/4 times the value in the zero coupling limit. However, so far there has 
been no independent check of this result from the field-theoretical side. Indeed, due 
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to the lack of supersymmetry at finite temperature no non-renormalization theorem is 
expected to hold, while the strong coupling calculations are notoriously difficult. 

A serious effort has been recently invested in an attempt to build a quantitatively 
predictive gravity dual for a realistic gauge theory. With this work as yet incomplete, 
one nevertheless has discovered many aspects resembling those in the theory of strong 
interactions within the framework of the AdS/CFT correspondence ^ ^. 

In this paper, we use the hydrodynamic limit as a nontrivial test of the AdS / CFT 
correspondence at finite temperature. The basic idea is very simple: the long-distance, 
low-frequency behavior of any interacting theory at finite temperature must be de- 
scribed by the old-fashioned theory of fluid mechanics (hydrodynamics) . This state- 
ment has not been, and perhaps can never be, rigorously proven for all theories, but 
is strongly supported by the ample physical intuition coming from our experience with 
macroscopic systems. As the result of its universal nature, hydrodynamics implies very 
precise constraints on the forms of the correlation functions (in Minkowski space) of 
conserved currents and components of the stress-energy tensor: basically, these corre- 



lators are fixed once a few transport coefficients are known [Ty, |TT[|. 

The reliance on Minkowski correlators, as opposed to Euclidean (or Matsubara) 
Green's functions, is what separates this work from most of previous work on finite- 
temperature AdS/CFT correspondence. The benefit of looking at Minkowskian cor- 
relators is that while at finite temperature the Euclidean correlation functions decay 
exponentially at large separations, the Minkowski counterparts possess long-time non- 
exponential tails which have universal character. 

We shall perform a check that in the finite-temperature J\f = 4 SYM theory, the 
hydrodynamic forms of the two-point Minkowskian correlators are correctly reproduced 
by gravity. This paper deals with the diffusive modes only (for their definition see 
section which include the diffusion of R-charges and the shear mode corresponding 
to transverse velocity fluctuations. The treatment of longitudinal velocity fluctuations, 
or sound waves, is technically more complicated and is deferred to future work. 

The paper is constructed as follows. In section |^ we briefly review hydrodynamics 
equations and their implications for thermal Green's functions. In section ^ we describe 
the gravity solution, and in section ^ we review the Minkowski prescription used to 
compute the Green's functions from gravity. In section ^ we compute the correlators 
of R-charge currents and show the emergence of the pole corresponding to R-charge 
diffusion. As a by-product we find the R-charge diffusion rate. In section || we discuss 
the hydrodynamic shear mode; as in the case with the R-charge currents, this mode 
also has a diffusive pole. Section |^ contains concluding remarks. 
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2. Hydrodynamic preliminaries 



To see the constraints imposed by hydrodynamics on thermal correlation functions, let 
us consider some theory, at finite temperature, with a conserved global charge. We 
denote the corresponding current as j^, so j° is the spatial density of the charge. We 
assume zero chemical potential for this charge, so in thermal equilibrium (j") = 0. The 
quantity of interest is the retarded thermal Green's function 

G^^{u,q) = -ij d'xe-^'^-emj.ix), j.(0)]) , (2.1) 

where q = {uj,q), x = {t,x). This function determines the response of the system on 
a small external source coupled to the current. When u and q are small, the external 
perturbation varies slowly in space and time, and a macroscopic hydrodynamic de- 
scription for its evolution is possible. For example, j° evolves according to the diffusion 
equation (Pick's law [|12| ) 

dof = DVV , (2.2) 

where -D is a diffusion constant with dimension of length. This equation corresponds 
to an overdamped mode, whose dispersion relation is 

CO = -iDq^ , (2.3) 

which implies that there has to be a pole, located aXuj = —iDq^ in the complex w-plane, 
in the retarded correlation functions of j° | ]10| |. 

As a slightly more complicated example, let us consider the correlators of the 
components of the stress-energy tensor T^'^ . The linearized hydrodynamic equations 
have the form 



9oT°° + 5,T°' = , 
(9oT°^ + djT^ = , 

where 



(2.4) 



e + P 



Ok 



(2.5) 



3 

e and P are the energy density and pressure, rj and ( are the shear and bulk viscosities, 
respectively, eqs. (|2.4| ) possess two types of eigenmodes: the shear modes, which are 
the transverse fluctuations of the momentum density T°*, with a purely imaginary 
eigenvalue 

^ = -^g^ (2.6) 

e + P 
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and the sound wave, which is the simultaneous fluctuation of the energy density 
and the longitudinal component of the momentum density T°*, with the dispersion 
relation 

The poles (p.3|) and (|2^ ) will be reproduced from gravity calculations, while (|2.7| ) is 
deferred to future work. If the theory is conformal, then the stress-energy tensor is 
traceless, so e = 3P and C = 0. 



3. Gravity preliminaries 

The non-extremal three-brane background is a solution of the type IIB low energy 
equations of motion, 

Rmn = —F]\iPQRsF^^^^ , (3.1a) 
yb 

F(5) = *F(5) , (3.1b) 

where all other supergravity fields are consistently set to zero. We use notations 
M,N,... for the ten-dimensional indices, /z, z/, ... for the five- dimensional and i,j,--- 
for the four-dimensional ones. The solution is given by the metric 

dsl, = H-^'\r) [-fde + dx^ + dy^ + dz^] + H'l\r) {f-'dr' + r'dnl) , (3.2) 

where H{r) = 1 + R^/r'^, f{r) = 1 — rg/r^, and the Ramond-Ramond five-form. 



(i?^ + r^)^/^(l + *)dtAdxAdyAdzAdr, (3.3) 



with all other fields vanishing. 

In the near-horizon limit r ^ R the metric becomes 

dsl^ = (-fiu)dt^ + dx^ + dy"" + dz"") + , du^ + R^dnl , (3.4) 

where T = tq/ttB? is the Hawking temperature, and we have introduced u = rg/r^ and 
f{u) = 1 — V?. The horizon corresponds to u = 1, the spatial infinity to m = 0. 

In the language of the gauge theory /gravity correspondence, the background ( p.4|) 
with the non-extremality parameter rg is dual to the Af = 4 SU{N) SYM at finite 
temperature T = tq/tiR^ in the limit of — > oo, Oym^ 
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4. Prescription for Minkowskian correlators 



From the previous discussion, one notes that in order to see the emergence of hydrody- 
namic behavior, one needs to compute thermal Green's functions in Minkowski space. 



In ref. [|T6[ we formulate and discuss in detail a prescription for computing two-point 
Green's functions from gravity. For convenience this prescription is given here; technical 
details can be found in ref. [1^ . 



First let us recall that in Euclidean space, the gravity/gauge theory duality is 
encoded in the following equality, 

where O is some boundary CFT operator and is the bulk field which couples to it. 

We do not claim to have a full Minkowskian analog of eq. ( [4.1| ). Rather, we shall 
concentrate on two-point functions, and formulate our prescription specifically for those 
functions. In Euclidean space, eq. ( [4.1| ) implies that finding {O{x)O{0)) amounts to 
computing the second functional derivative of on the boundary value 0o- K can be 
shown that the computation of {OO) is reduced to the following three steps. We shall 
denote the radial coordinate as u, and for definiteness assume that the boundary is 
located at m = 0, and the horizon is at some positive u. 

i) From the classical action for one extracts the function A{u) staying in front of 
{du4>y in the kinetic term, 

Sci = ^j dud^xA{u){du(t)f + ■■■ (4.2) 

ii) Solving the linearized field equation for 0, one expresses the bulk field via its 
value of 00 at the boundary, 

0(n,g) = /,(n)0o(g), (4.3) 

where we work in momentum space. By definition, the mode function fq{u) is 
equal to 1 at m = 0. 

iii) The Euclidean Green's function is then 

GE{q) = -A{u)f^,{u)dMu)\u^,. (4.4) 



One can see how these three steps work by recalling that the classical action ( [4.2| ), for 
classical solutions, reduces to the boundary term ~ A00'. Note that in taking the limit 
M — i> in eq. (|4.4| ) one may need to throw away the contact terms. 

Now we can proceed with the formulation of the prescription for Minkowskian 
correlators. 
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i) The same as in the Euchdean case. 

ii) In Minkowski space one has to specify the boundary condition at the horizon in 
addition to that at the boundary u = 0. We impose the incoming- wave boundary 
condition (waves are only absorbed by the black branes but not emitted from 
there) for all Fourier components (j)q with timelike q. For spacelike g's, we require 
regularity at the horizon. 

iii) The retarded thermal Green's function is 

G^(g) = Aiu)f.,iu)dMu)\u^o. (4.5) 

Choosing the outgoing-wave condition at the horizon would yield the advanced Green's 
function instead. The sign in eq. (f4.5|) corresponds to the standard convention of 
the retarded and advanced Green's functions, 

G^{u,q) = -i fd^xe-''^-''9{t){[d{x), 6(0)]), 

/ (4.6) 
G^{uj,q) = i d^xe-"'''e{-t){[d{x), d{0)]). 



In ref. |J6[ we verify that the three steps outlined above indeed give the correct 
retarded Green's functions in several cases where independent verification is possible. 
Admittedly, this three-step prescription is aesthetically unsatisfactory: it cannot be 



formulated as succinctly as eq. (4J.). Nevertheless, it does seem to work. One can 
hope that our prescription can be embedded in future general framework which allows 
the calculation of higher-point Green's functions as well. Despite the shortcomings, the 
prescription at hand is sufficient for the purpose of this paper. 

5. Thermal R-current correlators in = 4 SYM and R-charge 
diffusion 

To compute the current correlators, we use an approach similar to the one taken at 



zero temperature [T^, |TJ] , the only difference being that we work in Minkowski rather 
than in the Euclidean space and use the non-extremal supergravity background. Our 
starting point is the five- dimensional Maxwell action in the background 



^ = -7^ / d'xy^F^^F'^'^^ (5.1) 

^9sG 



where gsc = 4:11 /N is the effective coupling constant fixed in [0]. Reinstating powers 
of R, we have gl^ = Wtt^R/N'^. 
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We shall work in the gauge Au = 0. After imposing this gauge condition, one still 
can make the (residual) gauge transformations — > A^ + d^A, where A is independent 
of u. We use the Fourier decomposition 



(5.2) 



To simplify calculations, we also choose q along the 2;-direction on the brane, so the 
four-momentum is g = {u, 0, 0, q). Defining the dimensionless energy and momentum, 

u q 



2'kT 



27rT 



the five-dimensional Maxwell equations 

1 



-g 



d^^g^Pg'^^idpA^ - d^A,)] = , 



reduce to the following set of the ordinary differential equations 

wA[ + <^fA'^ = 0, 

A;'-^(q% + tt)q^) =0, 

A'i + l^A[ + ^^ {vo'A, + n>qA) = , 



f 1 



A„ = 



(5.3) 

(5.4) 

(5.5a) 
(5.5b) 
(5.5c) 
(5.5d) 



where a stands for either x or y, and the prime denotes the derivative with respect to u. 
Not all these equations are independent: eqs. ( |5.5a|) and (|5.5bD imply (|5.5c|) . One can 
also check that they are invariant under residual gauge transformations At ^ At — cuA, 
A,^ A, + qA. 

One sees that At and Az satisfy a coupled system of equations, while each com- 
ponent of Aa satisfies a stand-alone equation. The R-charge diffusion appears only in 
the sector of At and A^. One can reduce eqs. ( |5.5a| )-( p75^ ) to a single equation by 
expressing, from eq. (|5.5b|) , A^ in terms of At, 



and then substituting Az into eq. 



A'!' + 



MY 

uf 



—K - -At , 
toq xo 

. One obtains 
«''-qV(«) 



up 



(5.6) 



(5.7) 
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Thus eqs. ( p.5d]) , ( ^.61) and ( ^.71) together with the boundary conditions determine all 
components of Ai (up to a residual gauge transformation). 

Equation ( |5.?| ) is a second-order differential equation for A[ in which u = 1 is 
a singular point. According to the general technique for solving such equations, one 
first has to determine the singular behavior of Af. If one substitutes into eq. ( p.7| ) 
y4[ = (1 — uyF{u), where F{u) is a regular function, one finds that only two values of 
a are allowed: z/^!^ = ±ivo/2. The ' 'incoming wave" boundary condition at the horizon 
singles out The equation for F{u) has the form 



F" 



nf 



+ 



l-u 



F' + — ^ — -F + — ^— 



uil + u) 



IF-^F 



0. (5.8) 



2uf ' ' Aup 

In the long- wavelength, low-frequency limit, to and q are small parameters, and the 
solution to eq. (|5.8| ) can be obtained perturbatively as a double series in to and 

(cf. m), 

F{u) = Fo + toFi + q^Gi + ro^Fs + + q^Gs + ■ ■ ■ • (5.9) 

The explicit form for the first three terms, essential for obtaining the leading-order 
expression for the correlators, is rather simple. 



C, Fi = ^ln-^, G^ = C\n 
2 1 + u 



1 + u 
2u 



The functions F2, G2 and Hi are written explicitly in appendix 0. 

We now substitute our solution for A[ into eq. 
assuming the boundary conditions 



lim At{u) 



4° 



lim Az{u) 



(5.10) 

^) and take the limit m — > 
Al (5.11) 



This determines the constant C in terms of A^, A 



C 



q^o + twq^o 



g(t»,q) 

where Q(to, q) has the following expansion over the small arguments, 

Q{w, q) = zro - q^ + 0{vo^, toq^, q"^) . 



(5.12) 



(5.13) 



C is obviously invariant under the residual gauge transformations. Having thus found 
A[{u), we can obtain A'^{u) using eq. ( |5.5a) ). 

Similarly, the solution of eq. ( |5.5d|) is found to be 
8^0(1 -m)-*«'/2 



Ar 



itx> ^ 1 + u 

1 H In 

2 2 



8-2iu)ln2 + 7rV 

Li2(— n) + Inu ln(l 



2 V12 



u 



Liofl - u 



o(t»^q^w) 



(5.14) 
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Near the horizon, where u = e is small, the solutions we found imply the following 
relation between the radial derivatives of the fields and their boundary values. 



A'^ = iuAl, (5.15a) 



a; = (q^A? + «)qAO) Ine + + ""^^^ , (5.15b) 



A[ = -(u>qA° + n>M°) Ine - + . (5.15c) 

On the other hand, the terms in the action which contain two derivatives with respect 
to u are 



S = / dud''x^/^g''''g'^^uA^uAj + 



327r2i? 



ldud'x[A['-f{A'^' + A'; + A'^)] + 



(5.16) 



16 

Applying the prescription formulated in Section H, one finds 



^ f, iN'^Tuo d"-^ 

G°cx = = — \ , (5.17a) 

G-.-J^iq;^...., (5.17b, 

16n{zuj — Dq^) 

at^at^-J^^I^...., (5.170 



167r(2Co' — Dq^ 
167r(iti; — Dq 

where ■ ■ ■ denotes corrections of order tx>^, toq^ or q^, and 



D = —. (5.18) 

We see that the correlation functions of and contains the diffusion pole ex- 
pected from hydrodynamic arguments. In contrast, those of and do not have 
this pole. The constant D is the diffusion constant of R-charges; its value in the large 
't Hooft coupling limit gyM^ — oo is found explicitly in eq. ( |5.18| ). This result can 
be regarded as a nontrivial prediction for the strongly coupled A/" = 4 SYM at finite 
temperature. One observes that in this limit D is independent of the 't Hooft coupling, 
sharing this property with the shear viscosity (0], see also below). Also, the diffu- 
sion constant does not contain a power of A^. It is amazing that it is at all possible 
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to compute a kinetic coefficient in a strongly coupled theory, and the final result is 
as simple as eq. ( ^.18|) . What is also interesting to note is that the calculation of D 
above is, arguably, technically simpler than similar calculations in weakly-coupled field 



theories 0, [T|, |2g, gT]. 

It is interesting to compare eq. ( |5.18| ) with the result at weak coupling. In this 
regime, the diffusion constant is proportional to the mean free path, which implies 

Eqs. (|5.18| ) and (|5.19|) suggest that the behavior of D as a function of the 't Hooft 
couphng fi-YM^ is 

D = fD{glMN)^. (5.20) 

where foix) ~ ln~^(l/x) for x <^ 1 and fnix) = 1/{2ti) for x^l. 

With some extra effort, one can also compute corrections to these results in the 
parameters vo and q. To the next order in perturbation theory, the correlators which 
have the pole are given by 

8Q(t»,q) ^ ' 

Gt - ^^^;-;f , (5.21c) 

8g(t»,q) 

where corrections of order (9(t»^, t»^q^, toq^, q^) and higher are omitted, and 
P(tt>,q) = l + ln2Qn>-q2 

t 

2 ' 2" 

The zeroes of Q{xo, q) determine the poles of the correlators. For small q only one of the 
zeros has a value compatible with our assumption t» <^ 1, others must be discarded. 
The position of the pole is given by 

tt, = -^q2(i + q2j^2) , (5.23) 
or, in terms of the dimensionful energy and momentum cu, g, 

^^ = Dq^ (l + • (5.24) 



— + -W - q^ j 



(5.22) 
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6. Near-extremal metric perturbations and the shear mode 



To compute the two-point function of the stress-energy tensor in the boundary theory, 
we consider a small perturbation of the five-dimensional part of the near-extremal 
background (l3^ ), g^^ = g'^^J + /i^j., where gj^J is given by 



dsl 



u 



{-f{u)dt^ + dx^) + 



-du 



(6.1) 



4/(u)m2 

The part of the ten-dimensional metric corresponding to remains unperturbed, and 
the five-form field ( |3.3| ) is unchanged to the first order in perturbation. The perturbed 
metric satisfies 



n 



flU 



g^v 



where A = —Q/F?. To the first order in h^y the Einstein equations are 



(6.2) 



(6.3) 



The solution of the Dirichlet problem for eq. { p^ 
gravitational action expanded near the background 



S 



■ i 

jduj d*x (7^-2A) + 2jd^x y/-hK 



is then substituted into the bd 
[Tl). The action is given by 



(6.4) 



Here kiq = y/SnG is the ten-dimensional gravitational constant, related to the pa- 
rameter R of the non-extremal geometry and the number of coincident branes by 
Kio = 2^l'^^/^TR'^ /N The second integral is the Gibbons-Hawking boundary term 
with K being the trace of the extrinsic curvature of the boundary. 

Again, we shall assume the perturbation to be dependent only on t and z (and 
proportional to e-«'^*+'9^)^ and choose the gauge where hu^i = for all /z. In this case, 
the gravitational perturbation can be classified by the spin under the 0(2) rotations 
in the xy plane. Specifically, there are three classes of perturbations (only nonzero 
components of h^^ are listed): 

• Ky 7^ 0, or /la;^ = -hyy ^ 

• Kt and ^0, or hyt and hy^ ^ 0; 

• htz and all diagonal elements of h^j^u are nonzero, and h^.^ = hyy. 

The field equations in each of the classes decouple from the other ones. We shall 
consider the first two cases. The third case is related to the sound wave in field theory 
and is not considered in this paper. 
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6.1 Off-diagonal perturbation with h^y 7^ 



The simplest case we consider is that when the off-diagonal perturbation h^y 7^ 0, and 
all other perturbations vanish. The eqi 
absolutely identical, eq. (|6.3|) becomes 



all other perturbations vanish. The equations for the perturbation with h^^ = —hyy is 



, 1 -3n^ f 



1 + 



fu 



2 '"^y 



0. 



(6.5) 



Introducing a new function = uh^y/ {tcTRY (i.e., = hy), and using the Fourier 
component (pk{u) defined as in (|5.2|), we observe that eq. ( |6.5| ) becomes an equation for 
a minimally coupled scalar in the background (|6.1|): 



+ 7^ — 0fc = . 



(6.6) 



uf ' up 

Therefore, the computation now is completely similar to the computation of the Chern- 



Simon diffusion rate in ref. [|16[. The solution representing the incoming wave at the 
horizon is given by 

0fc(w) = (l-w)-^"'/^F,(«), (6.7) 
where Fk{u) is regular at m = 1 and can be written as a series [|l^ 



1 1 + M t»2 

-Ti. M = 1 m 

k\. ) 2 2 8 



In — z h 8(1 - -^t) I In 4 L12 



+0(0)3), 
(6.8) 



where Li2(-2) is the polylogarithm. 

The term proportional to 0'^ in the action is 



S 



du d'^x — + ■ 
u 



(6.9) 



Let us define, in complete analogy with eq. ( p.l|) , the retarded Green's function for 
the components of the stress-energy tensor. 



(6.10) 



G^,,xp{uj,q) = -t / t/^a;e-*«-^^(t)([r^,(x), Tap(O)]) . 



Then, according to the prescription given in |[T^, the (retarded) two-point function of 
the stress-energy tensor (in Fourier space) reads 



G 



xy,xy 



{i 2'nTu + q^) 



(6.11) 
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This result can be used to determine the shear viscosity of the strongly coupled N = 
4 SYM plasma. One has to recall the Kubo formula, which relates the shear viscosity 
to the correlation function of the stress-energy tensor at zero spatial momentum, 



1 



TT 



2rp3 



r, = hm — / dtdxe'^' ([T.,(x), T,.,(0)]) = -N'T 



(6.12) 



The result coincides with the one obtained in from the absorption calculation, and 
also from the value obtained from the pole of the propagator (see below). 

6.2 OfF-diagonal perturbation with htx 7^ 0, h^z 7^ 

This is the channel where the correlation functions have the diffusion pole. In this case 
the Einstein equations (|67^ ) give the following set of coupled equations for the Fourier 
components of the perturbations Hf = uhtx/{T^TRY and = uh^x/ {t^TRY: 



H' + = , 

to 

1 

U uf 
1 + 



uf 



H'! 



uf 



up 



up 



(6.13a) 
(6.13b) 
(6.13c) 



This system is very similar to the one encountered in the previous Section for the 
potentials At, A^,. Eqs. ( |6.13a ) and ( 6.13b ) imply ( |6.13c ). Solving ( 6.13b ) for H,, we 

get 

uf rrll f TT, <l 



Hz = — H'l }i[ Hi 

toq roq xo 



Substituting this into eq. (6.13a) gives 



2. 2./-qV + t.^ 

/ uf^ 



(6.14) 



(6.15) 



In the low-frequency, long- wavelength limit, this equation is solved by making the 
substitution B.[{u) = (1 — m)~*°'/^G'(u) and then solving perturbatively the resulting 
equation for G{u), 



G" 



2u 
J 



1-u 



G' 



2 + 



ivo 



q2 vo'^[A - u{l + uf 

u Auf 



G = Q. 



(6.16) 



The solution regular at -u = 1 is 

G{u) = G 



u 



• / 1 u l + u 

ivo\ 1 — u m 

2 2 



+ 



q'(l-n) 



+ 0(t»2,t»q2,q^) . (6.17) 
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Taking the limit m — > in the eq. (|6.13b|) we find C in terms of the boundary values 



and 



C 



12 



The terms proportional to H'f and if^ in the action ( |6.4] ) are 



dud\-{-H? + fH';" 



+ ■ 



(6.18) 



(6.19) 



Again, as in the previous Section, all constant and contact terms are ignored. Com- 
puting the correlators, we get 



N^nT^iuq 
'Siiuj-Vq^) 



8{iuj - Vq^) ' 

where the formulas are valid up to corrections of order (9(t»^, t»q^, q^) 



and 



47rT 



(6.20a) 
(6.20b) 
(6.20c) 

(6.21) 



i.e., is twice smaller than the diffusion constant for the R-charge. 

According to formula ( |2.6| ), V = r]/{e + P). The pressure P can be found from the 
expression for the entropy density which differs from that at zero gauge coupling 
by a well-known factor of 3/4, 

,2 



TT 



2r7-i3 



(6.22) 



and the thermodynamic relation s = dP/dT. Moreover, e = 3P, thus e + P = ^N'^T'^. 
Equations (p.6|) and ( |6.21|) then yield t] = |A^^T^, which agrees with ref. fl^ and 
eq. (|6.12|) . Thus, we have seen the consistency of several seemingly unrelated calcula- 
tions: the calculation of the entropy, the calculation of the viscosity via absorption, the 
calculation of the correlators ( |6.20|) , and the determination of the pole from linearized 
hydrodynamics. In particular, if the entropy differed from the free-gas value by a factor 
other than 3/4, such a consistency would not have been seen. 

Again, the comparison of our result for rj with that in the weak-coupling regime ITS, 



IS, 



21[| suggests that the behavior of ?7 as a function of the 't Hooft coupling is 

V = U9ymN)N'T' (6.23) 
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where frjix) ~ x ^ In ^(1/x) for a; -C 1 and fri{x) = | for x ^ 1. Equations ( p.2(]| ) and 
(|6.23|) suggest that the a' corrections to D and t] are positive. 



7. Conclusion 

In this paper, we have used a Minkowski AdS/CFT prescription to compute the real- 
time Green's functions of the R-charge currents and the components of the stress- 
energy tensor in the Af = 4 SYM theory at strong couphng and finite temperature. We 
showed that the results agree with the expectations from hydrodynamic theory, which 
can be interpreted as a verification of the Minkowski prescription, or of the existence 
of the hydrodynamic behavior in the finite-temperature field theory, or both. A more 
general conclusion is that our results support the validity of the finite-temperature 
AdS/CFT correspondence, even in four dimensions where no independent checks based 
on non-renormalization arguments were known to exist. We hope that the calculations 
performed in this paper can be extended to cover the sound wave, as well as to other 
examples of gravity/gauge theory duality. 
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A. Perturbative solution for A[{u) 

Here we give explicit expressions for the first few terms of the perturbative expansion 
(|5.9|). Integration constants are fixed by requiring functions Fi, F2, Gi, G2, Hi to be 
regular at the horizon {u = 1), and to have a vanishing limit as u — > 1. 



C 
24 



TT^ + 3 In^ 2 + 3 ln^(l + m) + 6 In 2 In 



u 



+ 12 Lisfl -u) + 12 Liaf-u) - 12 Lis 



1+u 
1 -u 



(A.i; 



Hi = iC 



IT 



1 



ivr In 2 + In^ 2 + - In (1 + m) In 

12 2 



u(l — u) 



ln2 , 

H In 



u 



{u-iy 



+ Lisf-n) + Lis (I - u) + Li^ 



1 +u 



(A.2) 



Go = C 



TC 



+ - In^M lnMln(l + u) - Inl ) ln[2M(l + u)] 



+ Li2(2) - Li2 ( 1 + - 1 + Li2 ^ 
u I 1 



u 



;[Li2(l-M)+Li2(-M)] 



(A.3) 
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